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Abstract-The mixed convection flow over a horizontal plate is investigated. Boundary-layer equations, 
modified to account for the hydrostatic pressure variation across the boundary layer, are solved numerically 
by a finite-difference scheme. If the (normal) fluid is cooled from below (or heated from above), the numerical 
results indicate that the derivative of the wall shear stress tends to infinity as a critical distance from the leading 
edge is approached. This occurs when the wall shear stress is till positive, i.e. before the classical separation 

criterion is satisfied. A mechanism of self-amplification is shown to be responsible for the breakdown. 

1, INTRODUCTION 

THE FORCED boundary-layer flow above a horizontal, 
heated or cooled plate is subject to a peculiar buoyancy 
effect. Obviously there is no buoyancy force tangential 
to the flat plate. However, since the temperature in the 
boundary layer differs from the ambient temperature, 
there is a hydrostatic pressure difference across the 
boundary layer. As the boundary-layer thickness 
increases, the hydrostatic pressure at the plate surface 
varies, too, with increasing distance from the leading 
edge. More specifically, in the boundary layer above a 
heated horizontal plate the density is less than the 
ambient density, provided that the thermal expansivity 
is positive (normal fluids). This gives rise to a decrease 
of the hydrostatic pressure at the surface with increas- 
ing distance from the leading edge, i.e. a favourable 
pressure gradient. On the other hand, above a cooled 
horizontal plate there is an adverse pressure gradient 
due to buoyancy. 

Taking the hydrostatic pressure variation across the 
boundary layer into account requires an appropriate 
modification of the laminar boundary-layer equations. 
Following the works of Mori Cl] as well as Sparrow and 
Minkowycz [2], several authors investigated the 
problem with the assumption of either constant plate 
temperature or constant surface heat flux. Perturbation 
series in terms of the distance from the leading edge 
apply only to small buoyancy effects [2-51 and are, 
therefore, subject to the same limitations as the results 
of second-order boundary-layer theory [6,7]. On the 
other hand, the buoyancy-dominated case of a 
favourable pressure gradient and very large distances 
from the leading edge was considered in [S]. The 
limiting cases of very small and very large Prandtl 
numbers were studied by the method of matched 
asymptotic expansions [8]. Approximate solutions of 
the modified boundary-layer equations were obtained 
by an integral method similar to the Karman- 
Pohlhausen method [9] as well as by local similarity 
and related methods [lo, 11-J. More recently, further 

results were provided by experimental investigations 
[12] and numerical solutions [13,14]. Besides, a vortex 
instability of the fluid flow heated from below or 
cooled from above was found [23,12]. 

Owing to these investigations [l-14] the effects of 
buoyancy on horizontal boundary-layer flow are now 
well documented in case of a favourable pressure 
gradient. As far as the case of an adverse pressure 
gradient due to buoyancy is concerned, however, 
previous investigations seem to be incomplete. While 
earlier attempts to extend the approximate solutions 
for constant wall temperature downstream to the point 
of vanishing shear stress failed [lo], the problem of 
determining the distance from the leading edge where 
separation occurs was circumvented in the recent 
investigation [14], which provided velocity and 
temperature profiles but no shear stress and heat 
transfer distributions along the plate. 

The difficulties in getting to the point of vanishing 
shear stress were attributed to convergence problems 
by some authors, e.g. [lo, 143. Other investigations, 
however, indicated that there might be a more 
fundamental problem involved. If the plate tempera- 
ture varies proportionally to the inverse square root of 
the distance from the leading edge, an exact similarity 
solution can be found [15, 161 and interpreted to 
describe the mixed convection flow above a plate that is 
strongly heated or cooled at the leading edge while 
otherwise isolated, cf. [16] and, for a more general 
discussion, [19] and [20]. Based on the observation 
that the similarity solution does not exist if the adverse 
pressure gradient is larger than a certain critical value, 
which still yields positive shear stress, it was suggested 
in [16] that the boundary-layer approximation might 
also break down in the constant wall temperature (or 
constant heat flux) case before the point of vanishing 
shear stress is reached. More detailed investigations 
[17,18]ofthedualnatureofthesimilaritysolutionnear 
critical conditions provided further support for this 
point of view. 

Therefore, the problem of mixed convection around 
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NOMENCLATURE 

a thermal diffusivity 
A, B coefficients depending on shapes of 

velocity and temperature profiles 

Cr coefficient of wall friction, 2zJp,uZ, 

f dimensionless stream function, cf. 
equation (10) 

F =u/u,, cf. also equation (14) 

9 gravity constant 

Gr, Grashof number, gflT*x3/v2 

k thermal conductivity 

W, Nusselt number, q,x/k( T, - T,) 

P pressure 
Pr Prandtl number, v/a 

4 heat flux density 

Be, Reynolds number, u,,x/v 
T temperature 
T* characteristic temperature, cf. equation 

(9) 
u, v velocity components in x, y-directions 

rmensionless in Section 5) 
x,y (d’ Cartesian co-ordinates in the plate 

direction and normal to it, respectively 
(dimensionless in Section 5). 

Greek symbols 

B thermal expansivity 
fi boundary-layer thickness (u/u, = 0.999) 

d2 momentum thickness 

Ls dimensionless independent variables, cf. 
equation (7) 

V6 value of n where u/u, = 0.999 
9 dimensionless temperature difference, 

(T-U/T* 
T shear stress (dimensionless in Section 5) 
1’ kinematic viscosity 

density of the fluid 

il stream function. 

Subscripts 
C critical value (breakdown) 
cc free-stream value (undisturbed fluid) 
W wall value (upper surface of plate). 

a horizontal plate with constant wall temperature and 
constant heat flux, respectively, is re-examined in the 
following sections, with particular emphasis on the case 
of cooling the upper surface (or heating the lower one), 
i.e. of an adverse pressure gradient. The numerical 
results obtained by a finite-difference method show a 
singular behaviour that differs from the classical 
boundary-layer singularity near separation. An 
explanation for this peculiar break-down of the 
boundary-layer approximation is offered by consider- 
ing the integral form of the momentum balance. 

2. BOUNDARY-LAYER EQUATIONS 

Consider the laminar boundary-layer flow on the 
upper side of a horizontal flat plate (Fig. 1). The free- 
stream values of velocity, temperature and density are 
denoted by u,, T, and pm, respectively. Two different 
cases will be studied ; (i) constant wall temperature, T, ; 

(ii) constant heat flux at the wall, qw. Constant fluid 
properties are assumed, and the Boussinesq approxi- 
mation is applied. 

FIG. 1. Mixed convection boundary-layer flow over a 
horizontal plate : co-ordinate system and boundary 

conditions. 
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The governing equations can be written in Cartesian 
co-ordinates x, y as follows (cf. [2, 10, 161): 

au dv 
-+-=o, 
ax ?,y (1) 

dU au 1 ap d2u 
u___ +v___ = - _-. +v,. 

ax ay pm ax ay (2) 

i-2 = gB(T- Tm)> (3) 
aZ 

uK+I,dT=a12T 
3X 3-Y ay2 ’ (4) 

where u and v are the velocity components in the x- and 
y-directions, respectively, T is the temperature of the 
fluid, p the pressure, v the kinematic viscosity, /I the 
(positive) thermal expansivity and a the thermal 
diffusivity. According to the boundary-layer assump- 
tion, the momentum equation in the y direction is 
reduced to equation (3), which accounts for the 
hydrostatic pressure gradient. 

Integrating (3) with respect to y, and substituting for 
p in equation (2) yields 

s 

e 

(T--Tm)dy. (5) 
Y 

Equations (l), (4) and (5) form a system of equations for 
the three unknowns u, v and T. This system has to 
satisfy the following boundary conditions. 

(i) For the case of constant wall temperature : 

u=v==O, T=T 

T= T: 

aty=O; 
(64 

u = u,, asy-+ccl. 
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(ii) For the case of constant heat flux at the wall : 

aT 
u=v=o _=_4w 

y ay k aty=O; 
(6b) . , 

u = urn, T= T, as y+co; 

where q, > 0 for a heated plate while qw < 0 for a 
cooled plate. 

To express the governing equations in dimension- 
less form, one introduces new independent variables 
5, fl [lo] as follows : 

gj?T* vx ‘I2 

0 
t=u, c 

m 

with 

Gr = g/Q-*x3 
x yz &,=UmX (8) V 

and 

T* = T,-T, if T, = const, 4 
i/2 

if q, = const. 
(9) 

The minus sign in the latter equation is associated with 
the case of the cooled wall. Note that T* < 0, Gr, < 0 
and 6 c 0 for the cooled plate. 

Furthermore, a dimensionless stream function and a 
dimensionless temperature are defined according to the 
relations 

f(L V) = (&v-x- “2!&, Y), 

s(L V) = (T- U/T* (10) 

where $(x, y) is the stream function, which is introduced 
to satisfy the continuity equation (1). Substitution of 
equations (7)-(10) into equations (4)-(6) leads to the 
following dimensionless form of the momentum and 
energy equations (primes and subscripts 5 denoting 
differentiation with respect to rl and r, respectively) : 

2f”’ +$” = <(f’f; -f”fJ 

-S[rls+CI; 9, dv+I: 9 h-j; (11) 

2Pr-‘9”+f9’= r(f’9s-fss’). (12) 

The appropriate boundary conditions are, in the case of 
constant wall temperature : 

f’(C0) =f(LO) = 4 f’(CaJ) = 1; 
(13a) 
’ ’ 9(&O) = 1, q&co) = 0; 

and in case of constant heat flux at the wall : 

f’(CO) =f(CO) = 4 fK 00) = 1, 
(13b) 

9’(5,0) = - Kl, 
\-- -I 

w. 00) = 0. 

Numerical techniques are more conveniently ap- 
plicable if equation (11) is rewritten as a second-order 
partial differential equation by introducing F (= u/u,) 

as a new dependent variable as follows : 

f(krl) = 
I 

;F(r,Wt (14) 

Thus equation (11) becomes 

2F” +fF’ = QFF, -f$“) 

3. NUMERICAL PROCEDURE 

The system of equations (12), (14) and (15) subject to 
the boundary conditions (13a) or (13b) was solved 
numerically by the finite-difference method following 
Patankar and Spalding [21]. At each step in the r- 
direction, the integrals in (15) were calculated by 
Simpson’s method based on the values of 9, and 9 at the 
preceding position of {. The initial profiles off and 9 at 
5 = 0 were obtained from (11) and (12), which, for 5 = 0, 
reduce to a system of ordinary differential equations 
with appropriate boundary conditions following from 
equation (13a) or (13b). While a constant step size 
A? appeared to be sufficient in the lateral direction, 
sufficiently accurate results close to the point of 
breakdown could be obtained only with variable step 
size in longitudinal direction; i.e. At was taken to be 
inversely proportional to Afk, where Afh is the 
difference of the second derivative of the dimensionless 
stream function at the wall between two successive lines 
r = const. 

In order to check the accuracy, the calculations 
were repeated with various values of Aq and (A{)i (i.e. 
initial value of At). For the results to be presented, 
A? = 5 x lo-’ and (A<)i = 5 x 1O-3 and 1 x 10e3 for, 
respectively, heated and cooled plates (favourable and 
adverse pressure gradients) were found to be sufficient. 
More details of the numerical procedure, including the 
difference scheme and the set of difference equations to 
be solved, are given in [22]. 

When the velocity and temperature fields have been 
obtained, the local Nusselt number Nu, and the friction 
coefficient c, can be determined. Defining 

Na, = q,xlYT,- T,), c, = 2r,l~,&, (16) 

withq, = -k(aT/ay),,=, and r, = ,~,v(au/aY)~_, and 
introducing dimensionless variables, we obtain 

fc, Re:/’ = f “(5,O); (17) 

Nu,Re; ‘/’ = - s’(& 0) if T, = const ; (184 

Nu,Re; ‘I2 = ll$!J(5,0) if q,,, = const. (lgb) 

4. NUMERICAL RESULTS 

The correctness of the present numerical procedure 
and the computer program has been checked by 
comparison with the results of previous investigations, 
cf. Figs. 2(a) and (b). Further numerical results are 
presented in Figs. 3(a-c) (constant wall temperature) 
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FIG. 2. Comparison of various solutions of the modified 
boundary-layer equations describing mixed convection flow 
above a horizontal plate with constant wall temperature.-- 
Present work, with 0 denoting point where dyk/dt: = 300; 
...... numerical [13] (l > 0); ~..- local non-similarity [lo] 
(5 > t*); -.- local similarity [lo] (5 > 5’); --- - - series 
expansion [2]. (a) Local coefficient of skin friction, cr, vs 
dimensionless co-ordinate, 5. (b) Local Nusselt number, Nu,, 

vs dimensionless co-ordinate, 5. 

and 4(a) and (b) (constant wall heat flux). While the 
results for favourable pressure gradients (t; > 0) show 

good agreement with previous data as far as the latter 
are available, the adverse pressure gradient (4 < 0) is 
shown to cause a peculiar breakdown similar to the one 

found in the exact similarity solutions [ 161. It is seen 
from Figs. 3(a) and (b) and 4(a) and(b) that very strong 
variations in skin friction and heat transfer appear 
when a certain critical distance from the leading edge 
is approached. This indicates a breakdown of the 
boundary-layer approximation. The critical values of 
the dimensionless longitudinal co-ordinate 5 are given 
in Table 1 for various Prandtl numbers. Note that the 
breakdown occurs at a finite, positive value of the wall 
shear stress, i.e. before the classical separation criterion 
of vanishing wall shear stress is satisfied. The velocity 
profiles near the point of breakdown confirm these 
findings, cf. Fig. 3(c). 

r 

-_i 
04 

FIG. 3. Mixed convection flow above a horizontal plate with 
constant wall temperature; heated (c > 0) and cooled (< c; 0) 
plate. (a) Local coefficient of skin friction, cr. (b) Local Nusselt 

number, Nu,. (c) Velocity profiles. 



Breakdown of the boundary-layer approximation 2311 

(a) 

0.3 

i 

4 T \\ 
Pr= 0.5 

1.0 T 2.0 1 
5.0 
10 

I I 
I 

I I 
I 

0.01 
0.0 0.05 0.10 0.15 

-E 

ibl 

1.0 _ Pr =lO 

0.0 0.05 0.10 015 

-e 

FIG. 4. Mixed convection flow above a horizontal plate with 
constant wall heat flux; cooled plate (< < 0). (a) Local 
coefficient of skin friction, cP (b) Local Nusselt number, Nu, 

5. DISCUSSION 

The development of the mixed convection boundary 
layer and its breakdown can be most easily discussed by 
considering the momentum balance. Integrating the 
momentum equation (5) with respect to y, and making 
use of the continuity equation (l), yields 

where all quantities have been made dimensionless by 
referring the velocity u to the free-stream velocity urn, 
the wall shear stress to p,&,, and the x and y co- 
ordinates to u&j?T*)*v and u”,/g~lZ’*l, respectively. 
Upper and lower signs in (19) refer to the heated and 
cooled (upper) surface, respectively, and the dimension- 
less temperature disturbance 9 has been introduced 
according to equation (10). For the purpose of 
comparison with the results of the numerical 
computations note that x = {*, y = l&r. 

Introducing the momentum thickness 

a,= m 
s 

u(l-u)dy (20) 
0 

the momentum balance (19) can be re-written as 

(21) 

with the coefficients A and B, 

co m 
A=&* 

ss 
9 dY dy, (22a) 

0 Y 

B=a a” * 0 ay y=o’ (22’4 

depending only on the shapes of the velocity and 
temperature profiles. For instance, sinusoidal profiles 
together with the assumption that velocity and 
temperature boundary layers are approximately of 
equal thickness if Pr ti 1, yield A = 2@* -8)/(4-n)* = 
5.074, B = 1 -@c/4) = 0.2146. 

For a qualitative discussion, A and B are assumed to 
be constant, which permits equation (21) to be 
integrated with the result 

6;(3 + 4A6,) = 6Bx, (23) 

where a constant of integration has been omitted to 
satisfy the initial condition 6, = 0 at x = 0. When the 

plate (upper surface) is cooled, the minus sign in (23) 
applies, and the solution becomes singular, i.e. dd,/ 
dx + co, as the ‘critical’ point 6, = a*,=, x = x, is 
approached, with 

a,,, = (2A)- ‘, x, = (24A*B)- ‘. (24) 

Table 1. Critical values of r where boundary-layer breakdown is predicted, and skin friction 
coefficients at points where df;/dt = 300. 

Constant 
wall 

temperature 

Constant 
wall heat 

flux 

Pr 0.5 0.7 1.0 2.0 5.0 10.0 

-r, 0.0610 0.0685 0.0775 0.0991 0.1389 0.1800 

+C&?:'2 0.0260 0.0530 0.0736 0.1271 0.1792 0.2153 

-r, 0.1247 0.1571 0.1967 

$fRe:/2 0.1515 0.1938 0.2267 
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Furthermore, ~~ remains finite at the critical point, 
while dz,/dx grows beyond bounds as follows : 

z -+ z,,, = 2AB, 

drw 
2 

?v.C 
7'-, 
CtX 

?'-a 

02&--d, 

as x + x,. (25) 

With the A and B values given above, one obtains 
x, = 7.54 x 10m3 and <, = -0.087. Given the crude 
approximations that have been made, this result is 
sufficiently close to the numerical result for Pr = 1, cf. 
Table 1. 

The analysis presented above suggests that the 
following mechanism is responsible for the boundary- 
layer breakdown observed in the numerical investiga- 
tions. As the boundary-layer thickness increases, the 
adverse hydrostatic pressure increases too, which gives 
rise to a deceleration of the flow and, consequently, to a 
further increase of the boundary-layer thickness. This 
self-amplification eventually leads to an infinite growth 
rate of the boundary-layer thickness and of other flow 
quantities. Unlike the well-known singular behaviour 
of a boundary layer near the point of separation in a 
prescribed pressure gradient, the breakdown induced 
by the hydrostatic pressure gradient is not related with 
vanishing wall shear stress. 

6. CONCLUSIONS 

Numerical investigations supported by an ap- 
proximate analysis indicate that the boundary-layer 
flow of a normal fluid (positive thermal expansivity) 
above a cooled horizontal plate (adverse pressure 
gradient) has a peculiar singularity. As a critical 
distance from the leading edge is approached, the 
derivative of the wall shear stress becomes infinite, 
while the wall shear stress itself remains finite and non- 
zero. Thus the boundary-layer approximation breaks 
down before the classical separation criterion of 
vanishing wall shear stress is satisfied. 
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LIMITATION DE L’APPROXIMATION DE COUCHE LIMITE POUR LA CONVECTION 
MIXTE SUR UNE PLAQUE HORIZONTALE 

R&mnC-On ttudie l’ecoulement de convection mixte sur une plaque horizontale. On r&out par une methode 
dedifferences finies les equations de couchelimite,modifites pourtenir comptedela variation depression 

hydrostatique$traverslacouchelimite.Silefluide(no~al)estrefroidiparlebas(oucha~~pardessus),les 

resultatsnumbiquesmontrentqueladtriveeducisaillementpari6taltendversI'infiniquandonapprocheune 

distance critique du bord d’attaque. Ceci se rtalise quand le cisaillement pat&al demeure positif, c’est-a-dire 
avant que le critere de separation n’aparaisse. Un mecanisme d’auto-amplification est responsable de cela. 

VERSAGEN DER GRENZSCHICHTNAHERUNG FUR GEMISCHTE KONVEKTION AN 
EINER HORIZONTALEN PLATTE 

Zusanunenfassung-Die gemischte Konvektionsstriimung an einer horizontalen Platte wird untersucht. 
Modifizierte Grenzschichtgleichungen, in denen die hydrostatische Druckanderung quer zur Grenzschicht 
beriicksichtigt ist, werden mit einem DitTerenzen ~erfahren numerisch gel&t. Ffir eine von unten gekiihlte oder 
von oben beheizte, normale Fltissigkeit liefem die numerischen Ergebnisse ein unbegrenztes Anwachsen der 
Ableitung der Wandschubspannung, wenn man sich einer kritischen Entfernung von der Vorderkante niihert. 
Dabei ist die Wandschubspannung noch positiv, das heiBt, die klassische Ablosebedingung ist noch 
nicht erftillt. Als Ursache fur das Versagen der Grenzschichtniiherung wird ein Mechanismus der Selbst- 

Verstiirkung angegeben. 

l-PAHMUbI HPMMEHHMOCTM IIPM6JIIDKEHW5I IIOIPAHWIHOIO CJIOII AJIg 
CMEIBAHHOH KOHBEKHMM HAA TOPM30HTAJIbHOH HJIACTHHOH 

AHHoTauHn-MccnenyeTca civfemanuas xonseiouis Han rOpn30HTaJIbHOn nJ,aCTnHOti. YpaeHeHAa norpa- 
HHYHOI-0 CJiOff, MOJW&fIlupOBaHHbIe C ueJIbIO ygeTa u3MeHeHus rnspOCTaTnSeCKOr0 naBJIeH&ia "OnepeK 
nOrpaHA'iHOr0 CJIOs, pemamTCs WiCJIeHHbIM MeTOLIOM KOHe'iHbIX pa3HOCTeir. B CJIyqae OXJla3KneHua 
HbmTOHOBCKOfi XWLIKOCTA CHA3y (AJIn HarpeBa CBepXy) SnC,,eHHbIe pe3ysbTaTbI nOKa3b,Bab,T, YTO "pn 

npu6na~euuu K KpUTUYeCKOMy paCCTOsHnEO,OTCWTbtBaeMOMy OT nepenHeii KpOMKu,npOn3BOflHaa OT 

npOMe~yTOqHbIMA 3HaSeHAsMu npOnOnbHOr0 mara.&sff Tpy6 BTOpOrO pana HyCCenbTa J,,Is maXMaT- 
HblX "y'4KOB 06bIYHO npenbm,aIOT COOTBeTCTByIOmue %W.2Ianns pemeTOKC paCnOnO~eHneM Tpy6 npyr 
38 npyroM, a TaKxe MeHee YyBcTBnTenbubr K aenwume npononbuoro mara. Cybibrapnbie nepenanbr 
naBJIeHAa UJIR L,ByXpsnHbIX UlaXMaTHblX pemeTOK TaKTe 6bmn npaKTHVeCKA He3aBnCnMbI 01 npOnOJb- 

Hero mara,npaqeM ux 3HaqeHua BnBoBne npesbrmana COOTBeTCTByIOmAe 3HaqeHns nns1 0nHopanHol 
pemeTKa. C npyrOti CTopoHbI nepenanbI naBneHRa nna pemeToK c KopanopHblM pacnonoxeHaeM ~py6 

6bum o6bI'mo BnBOiiHe MeHbme,YeM COOTBeTCTBymmne 3Ha'feHMs LIJIR OnHOpsnHOii pemeTKn II AMeJIM 

*eHneHuempocTacyBenuseuueMnpononbuoromara. 


